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We study gluon condensate in a pion superfluid, through calculating the equation of state of
the system in the Nambu–Jona-Lasinio model. While in mean field approximation the growing pion
condensate leads to an increasing gluon condensate, meson fluctuations reduce the gluon condensate
and the broken scalar symmetry can be smoothly restored at finite isospin density.
PACS numbers: 24.85.+p, 11.30.Qc, 12.39.-x, 21.65.-f
Quarks and gluons condense in the vacuum of Quan-
tum Chromodynamics (QCD). From lattice QCD calcu-
lations and effective QCD models in hot medium, it is
widely accepted that the quark condensate 〈ψ¯ψ〉 which
is the order parameter of the chiral symmetry restoration
drops down at finite temperature. The gluon condensate
〈GaµνGµνa 〉[1, 2] which describes the degree of the scale
symmetry breaking is, however, not so optimistic.
The gluon condensate at finite temperature is inves-
tigated in instanton model[3], renormalization group[4],
QCD sum rule[5], and effective QCD models at low
energy[6–12]. While the results in these calculations are
quantitatively different, they show the same temperature
trend of the gluon condensate: It is almost invariable at
low temperature and starts to decrease rapidly around
the critical temperature of QCD phase transitions.
At finite isospin density, both the Lee-Huang-Yang
model[13] for a dilute Boson gas and the Nambu–Jona-
Lasinio (NJL) model[14] show a surprising mean field
result[15]: In the pion superfluid the gluon condensate
drops down slightly only at very low isospin density but
goes up and even exceeds its vacuum value when the den-
sity is high enough. This result is qualitatively in agree-
ment with the calculations for 2-color baryon matter and
3-color isospin matter[16, 17]. A natural question is if
this conclusion is still true when we go beyond the mean
field. In this paper, we study the gluon condensate in
pion superfluid in the NJL model beyond mean field.
Neglecting the current quark mass m, the QCD La-
grangian is invariable under the scale transformation
ψ(x) → λ3/2ψ(λx) for the quark field and Aµ(x) →
λAµ(λx) for the gauge field. At classical level, the trace
of the corresponding Noether current is ∂µJµ = T
µ
µ =
mψψ. At quantum level, the running coupling constant
αs leads to a so-called anomaly term, the trace of the
ensemble average of T µν becomes exactly the trace of the
energy-momentum tensor of the system, and therefore
the matter parts of the quark and gluon condensates at
finite temperature T and chemical potential µ are related
to the energy density ǫ and pressure p of the system[18],
ǫ− 3p = −9
8
〈αs
π
GaµνG
µν
a 〉T,µ +m〈ψψ〉T,µ. (1)
This relation tells us that the QCD condensates are con-
trolled by the bulk properties of the system. Since it
is difficult to directly calculate the QCD thermodynam-
ics in non-perturbative region, this relation gives a way
to qualitatively estimate the gluon condensate in effec-
tive models at low energy where partons are not explicit
constituents, if the model can reasonably describe the
QCD thermodynamics. For instance, the gluon conden-
sate has been investigated in nuclear matter[7–11] and
in isospin matter[15, 16] with low-energy models. When
we neglect the current quark mass m, the gluon conden-
sate decouples from the quark condensate and is purely
controlled by the thermodynamics of the system. While
the gluon condensate for an ideal gas with ǫ − 3p = 0 is
medium independent, it will be significantly changed for
a strongly coupled system. From the lattice simulation
at finite temperature[19], the QCD system is a strongly
coupled matter around the phase transition temperature
Tc with ǫ − 3p ≫ 0. This is the reason why the gluon
condensate drops down dramatically around Tc.
The NJL model at quark level[20] has been successfully
used to study chiral symmetry restoration, color super-
conductivity and pion superfluidity at moderate temper-
ature and density. The flavor SU(2) NJL model is defined
through the Lagrangian density
L = ψ (iγµ∂µ −m+ µγ0) +G
[(
ψψ
)2
+
(
ψiγ5τψ
)2]
,
(2)
where the quark chemical potential matrix µ =
diag(µu, µd) = diag(µB/3 + µI/2, µB/3− µI/2) and the
Pauli matrices τ = (τ1, τ2, τ3) are defined in flavor space,
µB and µI are baryon and isospin chemical potentials,
and G is the four-fermion coupling constant. The NJL
thermodynamic potential can be separated into a mean
field part and a fluctuation part,
Ω = ΩMF +ΩFL. (3)
The mean field part ΩMF contains the mean field po-
tential and the contribution from the quasi-quarks[21],
ΩMF = G
(
σ2 + π2
)
− 3
∫
d3k
(2π)3
[
E+− + E
−
− − E++ − E−+
]
+ 2T ln
(
1 + e−E
+
−
/T
)(
1 + e−E
−
−
/T
)
+ 2T ln
(
1 + eE
+
+
/T
)(
1 + eE
−
+
/T
)
, (4)
where the chiral condensate σ = 〈ψψ〉 and pion con-
densate π =
√
2〈ψiγ5τ+ψ〉 with τ+ = (τ1 + iτ2)/
√
2 are
2determined by minimizing the potential,
∂ΩMF
∂σ
= 0,
∂ΩMF
∂π
= 0,
∂2ΩMF
∂σ2
> 0,
∂2ΩMF
∂π2
> 0,
(5)
and E±∓ = E
±
k ∓ µB/3 are the quasi-quark energies with
E±k =
√
(Ek ± µI/2)2 + 4G2π2, Ek =
√
k2 +M2q and
dynamical quark mass Mq = m− 2Gσ.
In the NJL model, the meson modes are regarded as
quantum fluctuations above the mean field. The two
quark scattering via meson exchange can be effectively
expressed in terms of quark bubble summation in ran-
dom phase approximation[20]. In normal phase without
pion condensation, the bubble summation selects its spe-
cific isospin channel by choosing at each stage the same
proper polarization, and the meson masses Mm (m =
σ, π+, π−, π0) which are determined by poles of the me-
son propagators, 1 − 2GΠmm(Mm,0) = 0, are related
only to their own polarization functions Πmm(q0,q). In
pole approximation, the meson contribution to the ther-
modynamic potential can be expressed as[22]
ΩFL =
∑
m
Ωm, (6)
Ωm =
∫
d3q
(2π)3
[
Em − µm
2
+ T ln
(
1− e−Em−µmT
)]
with meson energiesEm =
√
q2 +M2m and meson isospin
chemical potential µpi± = ±µI and µpi0 = µσ = 0.
In the pion superfluid phase, the quark propagator
contains off-diagonal elements in flavor space, we must
consider all possible isospin channels in the bubble sum-
mation. In this case, all the possible polarizations form
a matrix Π in the four-dimensional meson isospin space
with off-diagonal elements Πmn. While there is no mixing
between π0 and other mesons, Πpi0σ = Πpi0pi+ = Πpi0pi− =
0, the other three mesons are coupled to each other. The
explicit T, µB and µI dependence of all polarization ele-
ments Πmn can be found in Appendix B of [21]. When
the system goes through the phase transition line and en-
ters the normal phase, all the off-diagonal elements dis-
appear automatically.
The masses of the eigen modes of the Hamiltonian H
in the pion superfluid are defined through the poles of the
meson propagator, det(1− 2GΠ(Mθ,0)) = 0 which can
be separated into 1 − 2GΠpi0pi0(Mpi0 ,0) = 0 for θ = π0
and det(1− 2GΠ(Mθ,0)) = 0 in the three-dimensional
isospin subspace for θ = σ, π+, π−. Different from the
normal phase where the meson modes σ, π+, π−, π0 are
eigen states of both the Hamiltonian H and the isospin
operator Iˆ3 = 1/2
∫
d3xψ¯γ0τ3ψ of the system, only π0
is still the eigen state of Iˆ3 (we still label it π0 in the
following), but σ, π+, π− have no longer definite isospin
quantum number. The eigen states of Iˆ3 are only re-
lated to the diagonal elements Πmm and their masses are
defined by 1− 2GΠmm(Mm,0) = 0.
After taking bubble summation and Matsubara fre-
quency summation, the fluctuation part of the thermo-
dynamic potential can be generally written as[22]
ΩFL = −
∫
d3q
(2π)3
∫ ∞
0
dω
2πi
[ω
2
+ T ln
(
1− e−ω/T
)]
× d
dω
ln
det (1− 2GΠ(ω + iǫ,q))
det (1− 2GΠ(ω − iǫ,q)) , (7)
where the two polarization matrices are respectively de-
fined in the top and bottom complex meson energy plane.
An often used simplification to calculate ΩFL is the pole
approximation, namely neglecting the scattering phase
shifts and considering only the contribution from the
quasi particles, like (6) for the normal phase. In this case,
we have ΩFL =
∑
θ Ωθ. To explicitly show the isospin
dependence, we further make a transformation[23] from
the basis (σ, π+, π−) to the basis (σ, π+, π−). The el-
emental states in the former basis do not carry definite
isospin quantum numbers, but the later is constructed by
the eigen states of the isospin operator Iˆ3. Since the two
spaces are both complete, such a transformation will not
lose any information. Taking into account the orthogonal
condition for the two spaces, Ωθ can be expanded as a
linear combination of Ωm. Finally, we have
ΩFL =
∑
θ
Ωθ = Ωpi0 +
∑
m
cmΩm (8)
with the coefficients
cm =
∑
θ
|〈θ|m〉|2 =
∑
θ
Mmm(Mθ)∑
nMnn(Mθ)
, (9)
where M is a matrix defined in the three dimensional
meson isospin subspace,
M(Mθ) = det (1− 2GΠ(Mθ,0))
1− 2GΠ(Mθ,0) . (10)
It is easy to see the normalization condition for the
coefficients,
∑
m cm =
∑
θ = 3, it means that only two
of the three coefficients are independent. The coefficients
cm as functions of temperature at fixed chemical poten-
tials are shown in Fig.1. Their strong deviation from unit
indicate a strong mixing of σ, π+, π− in the pion super-
fluid. For the Goldstone mode π+, its linear combination
is |π+〉 = 1/
√
2(|π+〉−|π−〉)[23], and the two fractions are
equal and medium independent. Therefore, at the criti-
cal point the coefficient cpi+ jumps up from 0.5 to 1 and
cpi− drops down from 1.5 to 1. For T > Tc in the normal
phase, all the three coefficients are unit. For µI = 200
MeV and µB = 600 MeV in Fig.1, Tc is about 110 MeV.
It is necessary to note that the discontinuity of the coeffi-
cients cpi+ and cpi− happens on the whole phase transition
border. However, when we approach to the border from
the pion superfluid side, the pion condensate goes to zero
continuously, and this can smooth the thermodynamics
on the border, see the calculations below.
Now we use the trace anomaly relation (1) to calcu-
late the gluon condensate, under the assumption that the
NJL model can describe reasonably well the QCD ther-
modynamics in the pion superfluid. From the thermody-
namic potential relative to the vacuum Ω(T, µB, µI) =
30.00 0.05 0.10
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FIG. 1: The linear coefficients cm for the transformation from
the eigen states of Hamiltonian to the eigen states of isospin.
Ω(T, µB, µI)−Ω(0, 0, 0), we obtain the pressure p = −Ω
and energy density ǫ = −p+Ts+µBnB +µInI with the
entropy density s = −∂Ω/∂T , baryon number density
nB = −∂Ω/∂µB and isospin number density −∂Ω/∂µI .
Before we make numerical calculations, we first de-
termine the parameters in the model. Since the NJL
model is non-renormalizable, we can employ a hard three
momentum cutoff Λ to regularize the gap equations for
quarks and pole equations for mesons. In the following
numerical calculations, we take the current quark mass
m0 = 5 MeV, the coupling constant G = 4.93 GeV
−2
and the cutoff Λ = 653 MeV. This group of parameters
corresponds to the pion mass mpi = 134 MeV, the pion
decay constant fpi = 93 MeV and the effective quark
mass Mq = 310 MeV in vacuum.
We show in Fig.2 the ratios for gluon, chiral and pion
condensates, Rg = 〈αspi GaµνGµνa 〉/〈αspi GaµνGµνa 〉0, Rσ =
σ/σ0 and Rpi = π/σ0, where 〈αspi GaµνGµνa 〉0 and σ0 are
the condensates in vacuum, and 〈αspi GaµνGµνa 〉, σ and π are
the total condensates including the vacuum and matter
parts. To reduce the model dependence and focus on the
medium effect, we take an empirical value for the vac-
uum part of the gluon condensate, 〈αspi GaµνGµνa 〉0=(360
MeV)4[24] (the value of the vacuum part will not change
the trend of the gluon condensate in the medium). At
T = µB = 0 in the top panel of Fig.2, the ratio
RMF+FLg , calculated with the total thermodynamic po-
tential Ω = ΩMF + ΩFL, is a constant in the normal
phase with µI < mpi and drops down monotonously in
the pion superfluid phase with µI > mpi. Therefore, the
behavior of the gluon condensate at finite isospin density
is qualitatively the same as in the case at finite temper-
ature: The broken scale symmetry of the system is grad-
ually restored in hot and dense medium. However, in
mean field approximation, the gluon condensate behaves
very differently. The ratio RMFg decreases slightly only
in the beginning of the pion superfluid and then goes up
monotonously and even exceeds the vacuum value when
µI is high enough. For T = 50 MeV and µB = 600 MeV
shown in the bottom panel of Fig.2, while the mean field
calculation is changed slightly, the finite temperature and
baryon chemical potential effect results in stronger meson
fluctuations, and the ratio RMF+FLg drops down much
faster.
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FIG. 2: The scaled gluon condensates RMFg in mean field
approximation and RMF+FLg including quantum fluctuations.
As a comparison, we showed also the scaled chiral condensate
Rσ and pion condensate Rpi at mean field level. The top panel
and bottom panel correspond respectively to T = µB = 0 and
T = 50 MeV, µB = 600 MeV.
The mean field result can be understood by the compe-
tition between the chiral and pion condensates. At mean
field level, the NJL Lagrangian density can be written as
LMF = ψ (iγµ∂µ −m+ µγ0) + 2G
[
σψψ + πψiγ5τ1ψ
]
4− G(σ2 + π2), (11)
and the corresponding trace of the Noether cur-
rent for the scalar transformation is T µµ = mψψ −
2G
(
σψψ + πψiγ5τ1ψ
)
. Taking the identification of the
trace of the energy-momentum tensor in QCD and in the
NJL model, the gluon condensate is characterized only
by the two condensates,
〈αs
π
GaµνG
µν
a 〉T,µ =
16
9
G
(
σ2 − σ20 + π2
)
=
16
9
Gσ20
(
R2σ +R
2
pi − 1
)
. (12)
In the pion superfluid phase, the two ratios Rσ and Rpi
behave in an opposite way, Rσ drops down but Rpi goes
up, and the trend of the gluon condensate is controlled by
the competition between the chiral and pion condensates.
When µI is above but close to the critical point µ
c
I = mpi,
the chiral and pion condensates are equally important
and their competition may result in a possible decreasing
gluon condensate. However, when µI is large enough, the
chiral condensate becomes small and the pion condensate
dominates the system. In this case, the gluon condensate
increases with increasing pion condensate.
It is necessary to emphasize again that the trace
anomaly relation (1) between the gluon condensate and
the thermodynamics of the system is valid only at quan-
tum level. At classical or mean field level, the relation is
not true, and the scale symmetry of QCD is only explic-
itly broken by the current quark mass m, 〈T µµ 〉 = m〈ψ¯ψ〉.
In the NJL model, the quantum fluctuations or the meson
modes can not be neglected. At mean field level, there
are only quarks in the model which control the thermo-
dynamics only at high temperature and density. At mod-
erate temperature and density around the chiral and pion
superfluid phase transitions, both quarks and mesons are
important. At low temperature and density, mesons be-
come the dominant contribution to the thermodynamics.
Therefore, we need quantum fluctuations to describe the
system in the whole temperature and density region.
In summary, we have studied the gluon condensate be-
yond mean field approximation in a pion superfluid de-
scribed by the NJL model. Since the trace anomaly rela-
tion is valid only at quantum level, the quantum fluctua-
tions in the model must be considered in the calculation
of gluon condensate. At classical or mean field level, the
growing pion condensate in the superfluid leads to a sur-
prising increase of the gluon condensate. However, when
the quantum fluctuations are included, the meson contri-
bution dominates the thermodynamics of the system at
low and intermediate temperature and density, and the
gluon condensate becomes to decrease gradually in the
pion superfluid. Therefore, the scale symmetry can be
restored at both finite temperature and density.
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